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Abstract. In this paper, we construct various examples of holomorphic lamina- 
tions, with leaves of dimension 1, and we also study some of their dynamical prop- 
erties. In particular we study existence and uniqueness of positive closed currents. 
We construct minimal laminations with infinitely many mutually singular closed 
currents and no non-closed harmonic current. We also consider embeddings to pro- 
jective space. 

1. Introduction 

There are several surveys on laminations by Riemann surfaces. E. Ghys in [13] 
gives a nice introduction to the theory. The recent survey [10] by two of the authors 
focuses on holomorphic foliations with singularities, in particular ergodic properties of 
holomorphic foliations in P 2 . There are few examples in the literature of foliations by 
Riemann surfaces in higher dimensional projective spaces or with leaves of dimension 
> 1, see however Sullivan [17], Ghys [T3] . Loray-Rebelo [L3] . Candel-Conlon [3], L. 
Garnett [13], Deroin [5], and [TO] . 

In this paper we construct some examples and we explain their dynamics. We 
consider the problem of embedding them into P fc . We also study the properties of 
directed positive <9<9-closed currents associated to these laminations. 

In section 2 we construct laminations as projective limits of sequences of com- 
pact complex manifolds. These laminations admit unique directed closed currents of 
mass one. We then show that these projective limits embed to CP fc . The embedded 
laminations admit unique closed directed currents of mass one and every <9<9-closed 
directed current is closed. In the Riemann surface case we construct projective limits 
in a way that allows us to control the topology of the leaves. (In [U] p. 52, Ghys has 
constructed a laminated set in P 3 using a suspension.) 

In section 3 we explore the properties of some foliations obtained by suspension 
using some remarkable diffeomorphisms of the real 2— torus constructed by Fursten- 
berg [12]. In particular we exhibit a minimal lamination by Riemann surfaces with 
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uncountably many extremal positive directed closed currents and for which every 
directed <9<9— closed current is closed. 

In section 4 we give an abstract criteria for the existence of positive <9<9-closed 
currents. We construct laminations with infinitely many extremal positive <9<9-closed 
currents, and, opposed to the Riemann surface case, we construct a two dimensional 
lamination in P 2 x P 2 with no positive <9<9-closed current. 

In section 5 we discuss an interesting functional and use it to give examples of 
laminations with no non-closed positive <9<9-closed currents. 

2. Construction of laminations as projective limits 
2.1. Preliminaries. 

Definition 1. Let Y be a Hausdorff topological space. Then (Y,C) is a lamination 
by complex manifolds of dimension A; if £ is an atlas with charts 

<j>u : U ->■ B x T v 

where B is the unit ball in C fc , Ty is a topological space and is a homeomorphism. 
The space ^{{z} x T v ) is called a transversal. It is sometimes identified with T v . 
The change of coordinates should be of the form 

(z,t) ^ (*',0, with z> = Hz,t),t' = t'(t) 

where h is continuous and holomorphic with respect to z. A plaque is a set of the form 
x {t}). A leaf is a minimal connected set L such that if a plaque intersects L 
then it is contained in L. The open set U is called a flow box. A lamination is called 
minimal if all leaves are dense. 

On B x Tjj we consider the space of partially smooth /-forms, / < 2k, i.e., forms 
that are smooth on plaques, that depend continuously on the parameter t, and whose 
derivatives depend continuously on t. The topology is the C°°-topology on plaques. 
A l (C) will denote the space of /-forms on the lamination, i.e., if tp is in A l (C) then 
(<j)u)*f is an /-form on B x Tjj. So for each t we have an /-form on B, depending 
continuously on t. This space is a Frechet space and it is easy to define the Poincare 
operator d : A l (C) — > A l+1 (C), the operator being exterior differentiation on leaves. 
It is also easy to define the space A p,q (C) of (p, g)-forms on C and the operators 
d and d acting on leaves. Currents of dimension / are defined as continuous linear 
functionals on A\C). We note that this is different from the directed currents one 
usually studies on embedded laminations in complex manifolds. In that case the test 
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forms are the ones restricted from the ambient space, i.e., there are fewer test forms 
and more currents (a priori). When the current defines a linear form on A^ P ' P \C) we 
say that it is of bidimension (p,p). 

The following local representation corresponds to Theorem 1.12 in [T7j . 

Proposition 1. Let (Y,£) be a k- dimensional lamination. If T is a closed current 
of order zero and of bidimension (k,k) on (Y, C) then T is locally of the form 

T= f [B\dfi, 

where \x is a measure on the transversal Ty and [B] denotes the current of integration 
on B. If ddT = then T is locally of the form 

T = ! h t - [B]dfi, 

JTjj 

where h t is a positive pluriharmonic function. 

Proof. The proof is the same as in [17]. Locally T is represented by a current of 
maximal dimension. This current disintegrates and by studying the extremal elements 
using cutoff functions one concludes that they are closed (resp. pluriharmonic) on 
plaques. □ 

Remark 1. Fornaess- Wang- Wold has a counterexample to the corresponding result for 
positive closed (resp. harmonic) currents directed by an embedded lamination. The 
result holds however in complex dimension two |llj . 

2.2. Projective Limits. Consider a sequence {X n }™ =1 of compact complex mani- 
folds of dimension d > 1. Assume there is a holomorphic covering map f n : X n+ i — > 
X n of degree d n > 2. Consider the projective limit of the pairs (X n , f n ) 

= \i\aX n . 

<— 

Recall that x = {x n } is an element of Xoo if the coordinates satisfy the relation 
x n = fn(x n+ i). The topology of Xoo is the weakest topology such that the projections 
7i n '■ — > X n are continuous. Define h n = fx o • • • o f n -\. Then is a compact 
space and can be given a natural structure of a holomorphic lamination such that 
the maps 7r n are holomorphic on leaves. More precisely, let p G U C X\ be a small 
open set in X%. Define the transversal T by vr^fjo). The local chart is given by the 
sequences of all local sections of the h n through each preimage of p. Each leaf is a 
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covering manifold of each of the manifolds X n . A basis for the topology consists of 
sets of the following type. Let U m be an open subset of X m for some m > 1. Then 
U™ is defined as the set of points {xj}JL 1 such that x m G U m . 

We will consider that Xi has a Hermitian form gi and that X n is endowed with 
the form {h n )*g\. So we have a local isometry between X n and X±. We denote by d n 
the metric on X n , and d^x^xf^) := sup d n (x n ,x' n ). Observe that d^ takes values in 

n 

[0,oo]. 

Proposition 2. Lei Xoo &e a projective limit. Then each transversal is a Cantor set 
and each leaf is dense. Two points x n and x' n are in the same leaf if and only if the 
sequence d n (x n ,x' n ) is bounded. 

Proof. Let U\ be simply connected open subset of X\ and let U rn C X m be connected 
such that /i o • • • o f m -i{U m ) = U\. By using the basis for the topology we see that 
7rf 1 (Ui) \U™ is open, and so the topological space of plaques over U\ is totally discon- 
nected. In particular each transversal is totally disconnected. That each transversal 
is perfect will follow from the proof that each leaf is dense. 

Let X\ G X\ be a point. We first show that any leaf contains a point that projects 
to x\. Let {x' n } G Xqo. Choose an arc 7 between x[ and x±. For each n G N the 
lifting of 7 with initial point x' n determines a lifting of X\ to a point x n , i.e., we obtain 
a point {x n } in the leaf through {x' n }. Clearly 7 lifts to a path between {x n } and 

K}- 

Let {x n } and {x' n } be two points with x\ = x[, and let L and L' denote their leaves 
respectively. We will show that there are points {x'^j in L' with x'[ = x\ arbitrarily 
close to {x n }. 

Unless the two points coincide there exists an integer k such that Xk 7^ x' k . Choose 
an arc 7 between x' k and x^. Let x" n = x n for n — 1, fc — 1. For n > k let be the 
lifting to X„ determined by the lifting of 7 with initial point x^. Then {x^} is in the 
same leaf as {x' n }, and the bigger k is, the closer the two points are together. 

Now assume that {x n } and {x' n } are in the same leaf. Then there is a path 7 in 
the leaf connecting them. Then 7„ := ix n {l) is a path in X n connecting x n and x' n , 
and d n (x n , x' n ) is less than the length of j n . The length of 7„ is the same for all n. 

If on the other hand d n (x n ,x' n ) < R G R + for all n there is a path 7„ of length 
less than R connecting them in X n for all n. Consider the collection of projections 
fi • • • fn-iiln)- These are representatives of elements of tc 1 (X 1 ,xi) all of length 
less than R and so there are only a finite number of classes. So we may choose a 
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representative 71 whose class occur infinitely many times. But then x' n is the point 
in X n determined by the lift of 71 with initial point x n , so the curve lifts to Xoo and 
connects the two points. □ 

Theorem 1. Let X^ be a projective limit of dimension k. Then X^ supports a 
positive closed (k,k)- current, and any dd-closed (k,k)-current T of order on is 
closed. It is uniquely determined by the values ((ni)^T,oj) where u is a fixed volume 
form on X\. The support ofT is X^. 

The proof of the theorem depends on an approximation result that we will prove 
first. See also the thesis of Deroin [5]. 

Proposition 3. Let Q C A^^iX^) denote the space of forms |J 7r*(„4.( fc ' fc )(X n )). 

neN 

Then Q is dense in A^^^X^). 

Proof. Let a G A^^X^). Since X\ is compact we may cover it by a finite number of 
coordinate charts B = {Bj}j =1 biholomorphic to balls in C k . Let {f3j} be a partition 
of unity with respect to B. Then 

1 t 

a = ^ a i '■= ' a - 

3=1 j=i 

We will show that we can approximate each otj arbitrarily well. 

Choose coordinates <\>j : 7rf (Bj) — > B x T J B . In these coordinates we have that aj 
is given by otj{z, t) = fj(z, t)dz Adz = fj(z, t)dz\ A ■ ■ • A dzu A d~z{ A • • ■ A d~z~)~. So it 
is enough to show that we may approximate the function gj — fj o (f) on ir^i^Bj). 

Let e > 0. A compactness argument shows that there exists an m G N such 
that for all {x n } and {x' n } with x n = x' n for n = l,...,m and x\ G Bj, we have 
that \gj({x n }) — gj({x' n })\ < e and similarly for any given number of derivatives. 
Let Vi, V n m-i d . denote the disjoint preimages of Bj in X m . Define a function gj 

j — 1 J 

on V s as follows: choose any leaf L s in vr~ 1 (l^) and define gj = gj o ir^ 1 . Then 
\g"j o 7r m (x) — gj(x)\ < e for all x G I^. □ 

Proof of TheoremUi' For each n > 1 let T n denote the current of integration on X n . 
With respect to some volume form oj\ on X± the current Tj has total mass one. Next 
let Ti := T\ and for each n > 2 let T n := un -i, T n . Then T n has total mass one with 

n j = l d 3 

respect to the volume form u n defined inductively by u n := /*_ 1 w n _i and for any 
(k,k)-form a on X n _i we have that T n (f*a) = T n _i(a). We define the current T on 
Q as follows. For an element a = vr*a n let T(oe) = T n (a n ). This current is closed and 
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of order zero on f2 and extends to a closed current of order zero on Q which according 
to Proposition |3] is A^iX^). 

Assume next that T' is a normalized (k,k)-current of order zero on such that 
ddT = 0. Then T' n := (ir n )*T satisfies ddT' n = for each n and so dT^ = for each 
n. It follows that T' n = T n and so T' = T. Since all leaves are dense it follows that T 
has mass everywhere. □ 



Proposition 4. Let be a projective lamination, and let U be a chart with <pu : 
U — >■ BxTjj. Let if : X^u — > F be an embedding to a complex manifold Y . Then any 
compactly supported (k,k)-form u on U is the uniform limit of forms <p*(ujj), where 
the Uj 's are - in the usual sense - smooth (k,k)-forms on Y . 

Proof. The proof is essentially the same as that of Proposition [3] since locally the 
collection of embedded plaques is totally disconnected. □ 

Corollary 1. Let I ro be a projective lamination of dimension k and let <ft : — > Y 
be an embedding in a complex manifold Y . There is one to one correspondence between 
(k,k)- currents of order zero on I ro and (k,k)- currents of order zero on Y which are 
weakly directed by 0(Xoo). 

Recall that a current T is weakly directed by a lamination £ if and only if T A a = 
for every continuous one form a, vanishing on the plaques of C, i.e. a A [L] = for 
every plaque L. 

2.2.1. Embeddings in CP^. We will now consider embeddings of projective limits in 
projective space. By an embedding $ : X^ > CP N we will mean a topological 
embedding, i.e., $ is a homeomorphism onto its image, which is holomorphic and of 
maximal rank along leaves. 

fj 

Theorem 2. Let Xi be a complex projective manifold of dimension n and let Xj + i — > 
Xj be a projective limit over Xi . Then X^ admits an embedding into CP 2n+1 . 

Proof. To prove this result we will use L 2 -techniques for embedding projective man- 
ifolds, or, equivalently, manifolds admitting positive line bundles. We will refer to 
Demailly [6], and we start by recalling some notions and results (from j6]) and we 
describe a technique for producing embeddings. 

Let X be a compact complex manifold and let L — > X be a complex line bundle. A 
singular metric on L is a metric which is given in any trivialization O : Lq — > Q x C 
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by 

\\Z\\ = \e(Z)\e-«°\xeSl,ZeL x , 

where tp G Ll oc (Q) is an arbitrary function. The curvature form of L is given by 
the closed (l,l)-current c(L) := -ddtp. We will consider line bundles with singular 
metrics and with positive curvature. The Lelong number of tp at x is given by 

is(tp,x) = lim inf- — ^ - — -. 

z^>x log|2 — X\ 

The first important thing to recall is that if tp is a plurisubharmonic function on X 
then e~ 2v is non integrable in a neighborhood of x when v{tp,x) > n. 

Lemma 1. Let X be a compact complex manifold with a Kdhler metric uj. Let L — > X 
be a line bundle with a strictly positive metric e"^. Then there exists a number k G N 
such that for any two points xi,x% G X there exists a singular metric tp on L® k such 
that c(L® k ) > uj and such that v(<p, Xj) — n + 1 for j = 1, 2. 

Proof. Let {Uj}™ =1 be a holomorphic cover of X with fj : Uj — >• 2B n . We may assume 
that the sets {/^(Jl 5 )} cover X. Let x e C^°(2B") be a smooth cut-off function 
with x = 1 on §B n . Let tp e C^°(|B n ) be a smooth cut-off function with ■?/> = 1 in on 




For any point x G X choose an open set, say Uj, such that ||/_/(^)|| < \- Write 
a = fj(x). We define in local coordinates o~(j, a)(z) = x( z ) ' logll- 2 — a|| ra+1 . Note 
that idda(j,a) is a positive current on B ra (a, 1). Consider the current <j(j,a) := 
(1 — ip) ■ iddo~(j,a). This is a smooth (l,l)-form and so by the strict positivity of 
iddip there exists an s G N such that (1 — tp)idd(s ■ ip + a(j, a)) > (1 — ip)u and so 
that iddsp > uj. 

Now let 7 be a positive test form on Uj. Then 

(idd{sp + o-{j,a)),-f) = (idd(sip + a(J,a)),i/ry + (1 - 

> (idd(s(p),ilry) + (idd{s<p + a(j, a)), (1 - ^)t) 

> (^, 7 ) + ((l-^V,7) 
= ^(7). 

Finally note that, by compactness, the integer s G N may be chosen independently of 
the point a, and by finiteness it can also we chosen independently of j. Fix such an 
s, define k = 2s, and for each pair of points x\ and x<i let a\ = fj(xi) and a<i = fk{%2) 
for suitable maps fj and f k , and use the metric e -{k^{h,ai)+a{j 2 ,a 2 )) on L ®k _ Q 
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We now draw the conclusion that will enable us to embed projective limits over 
projective manifolds into projective space. Let X be a projective manifold. We equip 
X with the induced Kahler metric u and a strictly positive line bundle L. By the 
above considerations we may assume that 

a. For any two points x\ and x 2 in X there exists a singular metric e~ L P x i> x 2 on 
L such that v{(p xl , X2 , Xj) — n + 1 for j — 1, 2, and c(L) > u;. 

What is important to note for us is the fact that if X — > X is an unbranched covering 
map then 

b. For any two points X\ and x 2 in X there exists a singular metric e _v ' s i' :6 2 on 
f*(L) such that u((p XUX2 ,x j ) = n + 1 for j = 1,2, and c(f*(L)) > f*(u). 

(simply pull the metric back from X). 

For a given complex projective manifold Xi we now fix such a "good" line bundle 
L over it. Let V denote the holomorphic vector bundle V := /\ n '°T*Xi over X\. The 
embedding $ : X^ — >■ CP 2n+1 will be constructed by an inductive procedure. We 
will start by constructing an initial embedding y>i : X\ ^ CP 2n+ ; this embedding 
will be given by sections h , h 2n+ i in the bundle V ® L. For the inductive step we 
will assume that we are given an embedding (p n : X n <^-> CP 2n+1 given by sections 
in f{n — 1)*V ® /(n — 1)*(£) and approximate the immersion /„ o y} n by sections in 
/(n)*V ® f(n)*L (here /(n) denotes the composition f n o ■ ■ ■ o f\). The proof of the 
existence of the initial embedding and the key part of the inductive step is furnished 
by the following theorem and Lemma [2] below. 

Theorem 3. Let X — > X be an unbranched covering of X. Then there exist holo- 
morphic sections ho, ...,h^ of f*V <S> f*L such that 

h := [h : • • ■ : h N ] : X -> CP^ 

is an embedding. 

Proof. Note that when X = X and / is the identity map this is essentially the 
content of Kodaira's embedding theorem. For any two points x,\ and x 2 we have 
to produce sections that separate the points, and for any one point x\ we have to 
produce sections with non-vanishing differentials. We show how to separate points, 
controlling differentials is similar. Both are standard constructions. 

Let U\ be a smooth (n,0)-form with coefficients in f*L such that U\ is holomorphic 
and non-zero near x,\ and such that u\ is constantly zero near x 2 - Let u 2 be a smooth 
(n, 0)-form with coefficients in f*L such that u 2 is holomorphic and non-zero near 
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both points x\ and x-i- Let Vj = duj for j = 1,2. Then each Vj G L 2 (^ lji2 ). 
According to Theorem 3.1 in [6] there exist smooth (n,0)-forms Wj G L 2 {ipx l) x 2 ) such 
that dwj = Vj, and both Wj need to vanish at the points Xj. Then hj := Uj — Wj are 
holomorphic sections and we see that the function ^ separates the two points. □ 

We proceed to describe the inductive procedure. As noted above the initial em- 
bedding of X\ is constructed by applying Theorem [3] with X = A and then Lemma 
M below. 

The plan is to inductively construct embeddings tp n : X n — >■ CP 2n+1 approximating 
the immersions (p n -i o / n _i and then define 

(a) $({x n } n= i) := ]im(p n (x n ). 

n—toc 

Let d\ and d.2 be Riemannian metrics on X 1 and CP 2n+1 respectively and for any two 
maps <?j : X 1 — >■ CP 2n+1 and a closed set A C Xi let ||<7i — s^Ha - denote the maximum 
distance between images gi(x) and #2(2) for x G K with respect the distance d 2 . Let 
Uj CC C/j be open balls for j — 1, ...,m such that {[/j}™^ is a cover of Xi. Choose 
5 > such that for any two points 21,22 G Ai either <ii (21,22) > 5 or 21, 2 2 G Z7j 
for at least one j. Choose e > such that if g : Uj — )■ CP 2n+1 is a holomorphic map 
with ||g — filler < e then is an embedding and such that for any pair of points 
21,22 G Ai we have that ^1(21,22) > 5 implies that ^2(^1(^1)) ^1(^2)) > e - 

We now describe the inductive procedure to construct an embedding (p n+ i and a 
constant e n+i given embeddings (fi, ...,(f n and constants ei, ...,e n . Let e\ = e. 
We claim first that we can construct <p n+ i : A n+1 — >• CP 2n+1 such that 

(b) ||^ n+ i - if n O / n || Xn+1 < • f . 

The immersion (p n of n is given by sections [/i ; ^2n+i] in the bundle f{n)*V®f{n)*L. 
According to Theorem [3] there exist sections hi, /tjv such that 

[ho : • • -hvn+i '■ hi : • • • : Hn] 

is an embedding. The claim then follows from Lemma |5] below. 

Next we define e n+ i. For each j let s^, : Uj — >■ A n+ i denote the n™ =0 dj sections over 
/(n) := A o • • • o f n : X n+1 -)• A x . Define 

(c) e n+1 := min {dis% n+ i o 4 ([/'), </? n+1 o 4 2 (^))}, and 

(d) e n+ i := min{e n+ i,e n }. 

Since each Uj is simply connected we have that e n+i > 0. 
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Now define $ as in (a). The map is well denned because of (b). Let £/j be any 
lift of Va to Xqo. By the choice of e and (b) we see that 3>| r %/ is an embedding. To 

- 1 3 

see that <3> is injective let {x n } and {x' n } be different points in X^. If di(xi,x[) > 5 
it follows by the choice of e and (b) that d 2 (&({x n }),<&({x' n })) > |. By the choice 
of 5, the remaining case is the case when x\ and x[ are contained in the same C/j. 
Let {V/} be the point where and each a;" is determined by the lifting of 

x' n to X n . Let m + 1 be the smallest integer such that x" m ^ x m . By definitions 
(c) and (d) we have that d 2 ((f m+ i(x' m+1 ),if m+1 (x m+1 )) > e rn+l . By (b) we get that 
d 2 ($({x n }), $({<})) > ^f-. On the other hand, if {<'} is a point with x'H — Xj for 
j = 1, ...,m + l we get from (b) that d 2 (^({x'^}), &({x n })) < e m+1 , and this concludes 
the argument that $ is an embedding. □ 

We now recall the projection result used in the above proof. We define projections 
ix k : -» F k for iV > k by 

7r k ({x : • • • : x N ]) := [x : ■ ■ ■ : x fc ]. 

This is well defined outside the copy of p Ar - fe - 1 given by [0 : : : : x k + 1 : • • • x N \. 

Lemma 2. Let g : X — > F N be any embedding, N > 2n + 2. Then for any e > 
there exists an automorphism 

N N 

$([x : • • • : Xn]) = [xo + e o,j x j x 2n +\ + ^2n+i,j x j '■ x 2n+2 Xn], 

j=2n+2 j=2n+2 

such that \eij\ < e for all i,j and n 2n+ i o $ o g is an embedding. In fact this holds for 
almost all choices of {e^j}. 

Proof. First let H N denote the hyperplane {x N = 0}. If q G ¥ N is a point q ^ H N 
there is a projection 7r g from P^Vfg} to H N defined as follows. For a point p £ F N \{q} 
there is a unique line passing through p and q. This line will intersect the hyperplane 
Hn at a single point, and we let this point be n q (p)- If q — [0 : • • • : 1], this projection 
is the map [x : • • • : Xn] | — > [xq '■ • • • '■ Xn-i '■ 0]. The lemma then follows from the 
fact that 

(a) For almost all choices of q the map 7Tjv_i o g is an embedding as long as 
N > 2n + 2. 

Before we justify this standard fact we show how the lemma follows. Let q be given 
by q = [So : • • • : 5n]- Then n q is given by 

(b) [x : • • • : x N ] ft [x - s -ff : • • • : Xn., - : 0] 
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Since we can choose q arbitrarily close to the point [0 : • • • : : 1], we see that the 
lemma follows by repeated use of (a) and (b). We can wiggle S to make sure that the 
components of the new embedding do not have a common zero. 

To show (a) let Z be the subset of W := ¥ N x F N x F N defined by p G g(X),p' G 
g(X),p 7^ p', and r is on the (unique) line that contains p and p'. If p = p' G g(X), 
we let r be on the tangent line to g{X) at p. One sees that Z is a 2n+l dimensional 
algebraic set in W. Hence the image of Z under the projection (p, q,r) i— )■ r has zero 
measure in P . Hence, almost all choices of q G W N gives an embedding. 

□ 

2.3. Projective Limits of Riemann Surfaces. 

2.3.1. Ergodic Properties. 

In the case of Riemann surface laminations one can always construct directed cur- 
rents as cluster points of push forwards of currents on the universal cover of a leaf, 

Theorem 4. Let X^ be a projective lamination by Riemann surfaces. If a leaf L 
is covered by the unit disc D,cj) : D — >■ L, then r r = ^j-0*(log + (r/|£|)/}) — » T when 
r — > 1. If a leaf is covered by C then there is a subsequence r n /* oo such that 

Proof. The factor — rr is a normalization in order to have currents of mass 1. It is 
shown in [8] that all cluster points of the family r r are positive and <9<9-closed. The 
uniqueness in Theorem 1 implies that they are equal to T. The case of C is classical 
and follows from the length over area estimates due to Ahlfors, see for example [10] 
p. 417. □ 

2.4. Holomorphic Maps. For a projective lamination over a torus we can construct 
holomorphic self maps. 

Proposition 5. Let Xoo be a projective limit over a torus X\ . Then for any two points 
{x n } and {x' n } in Xoo there exists a holomorphic automorphism if : Xoo — > Xoo such 
that tp({x n }) = {x' n }. 

We will use the following lemma, the proof of which is left to the reader. 

Lemma 3. Let X^ = (X n , f n ) and = (Y n ,g n ) be projective laminations with leaf 
dimension equal to k. Let a : Xoo — > Yoq be a map, a{x n } = {a n (x n )} be a map 
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from Xqo to Yoo. Then a is well defined if and only if a n o f n = g n o cr n+1 . When 
o n : X n — > Y n are holomorphic, then a is a continuous map holomorphic on leaves. 

Proof of Proposition^ By lifting everything to the complex plane we will represent 
the sequence of coverings by linear maps : C — > C. Define cr n (C) := C + (C — Cn), 
where ( n and (' n are representatives for the classes of x n and x' n respectively. Note 
that f n (( n+ i) — ( n and f n ((n+i) ~ C are m t ne class of zero. Then 



Remark 2. In general it is not possible to construct maps a n such that a n (x n ) = 
x' n . Starting with a surface X\ of genus 2 it is possible to construct coverings — > 
X3 — > X2 — > X\ with a point x\ G Xi, preimages X3 and x' 3 in X3 without a Deck 
transformation for the covering X 3 — > X x such that X3 is sent to x' 3 . So we have to 
assume that all the coverings of X\ are Galois coverings, i.e. the deck transformations 
corresponding to X n — > X\ are transitive on fibers. This is a sufficient condition. 

2.4.1. Projective limits over Riemann surfaces and topology of leaves. Let X be a 
compact Riemann surface of genus gx > 1- We want to construct 2 to 1 unbranched 
covers of X. Let T = {71,. ..,7fc} be a collection of pairwise disjoint simple closed 
curves such that X \ T is connected. Since X is orientable each curve jj has a 
neighborhood Uj such that Uj \ jj has two connected components Uj and We 
let 7* denote the curve jj depending on which connected component you approach it 
from, i.e., we can think of X \ T as a bordered Riemann surface with 2k boundary 
components. 

Let Xi and X 2 be two exact copies of the Riemann surface X. We get a new 
Riemann surface Y by identifying each curve 7^ in X\ with 7? in X2 and vice versa. 
Because X\T is connected, we see that Y is connected. There is a natural projection 
tt : Y — y X, and this projection is clearly a 2 to 1 unbranched covering map. We call 
Y the 2 to 1 unbranched covering with respect to T. 

In the case when X\ is a Riemann surface we have a lot of flexibility to control the 
topology of leaves. We first prove a variation of Sullivan's example 6, [TT] . 



On fn(C) 




and the proposition follows from Lemma [3J 



□ 
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Proposition 6. When X\ is of genus 1, all the leaves in are of the same nature, 
C or C*. 

Proof. Let (a n ) and (b n +ic n ) generate the lattice for X n . The dichotomy is determined 
by either both a n or (b n + ic n ) go to infinity or one of the sequences is uniformly 
bounded. □ 

In [18] Sullivan has introduced the Teichmuller space for hyperbolic laminations, 
i.e., all leaves are hyperbolic. Here we just show that for the projective laminations 
with fibre C* (resp. C) we have infinitely many inequivalent realizations. Let us 
consider projective limits over tori defined by lattices Tp generated by {l,(3i},(3 G R 
over Z. We let Fpj denote the lattice 2^Tp. The maps fj : C 4 C induce 4- 
1 unbranched covers fj : C/Tpj +1 — > C/Tpj. A point in the projective limit is 
represented by a sequence {Q}°? =1 , Q G C, where Cj+i — (j £ Fff,j and Q ~ ('j if 
Q — Q £ T^j. We denote this projective limit by Xp. 

Let us parametrize the leaf containing the point {0}; let <pp : C — > Xp be defined 
by C i — y {(}. Since a point £ can be in Tpj for all j only if ( is zero we see that (pp is 
injective. We also have that for any point ( G C 

(a) ^(( + 2^-^(0 and 

(b) ^(C + 2^)-^(C) 
uniformly as j — > oo. 

Proposition 7. If Xp 1 and Xp 2 are isomorphic then (3 2 = rfii with r G Q. 

Proof. Assume that there exists an isomorphism ip : Xp 1 — > Xp 2 . Since projective 
limits over tori are homogenous we may assume that the point {0}i is taken to the 
point {0)2- Now let ip denote the map ift := (p~g~ 0^0 ipp 1 . By compactness and (a) 
and (b) we get that 

(c) T/i(C + 2^)^(C) and 

(d) ^(C + 2^)^(0 

uniformly mod Tp 1 as j — > 00. Write ip(C) = A - £ where A = x + iy. Then (c) 
implies that A2 J = x2 J + iy2^ — > mod Yp 2 . Then by Lemma H] below we have that 
x = 2~ Nl ki and y = 2~ N2 k2(32- Likewise, from (c) and the same lemma we get that 

y = 21^3 and x = gl^Ml . ' □ 

y Pi Pi 

Lemma 4. Let a G R and let y G R such that 2 J ' ■ y — > a mod aZ uniformly as 
j — > 00. Then y = 2~ N ka for k,N G Z. 
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Proof. Let e > satisfy 2e < By assumption there exists an N such that the 
equation 

(*) 2 j ■ y = ka + 5 

has a solution with k G Z and \8\ < e for all j > N. Assume to get a contradiction 
that k, 5 solves (*) with j = N and 5^0. Let I G N be the smallest integer such that 
2 l \5\ > e. Then e < 2 l \5\ < 2e. Then dist(2 7V+ ^, aZ) > e which is a contradiction. □ 

We now proceed to study the topology of leaves. 

Proposition 8. Let X% be a compact Riemann surface of genus gx 1 > 1- Then there 
exists a projective limit Xoo with ttx : — > X\ such that each leaf in the lamination 
is simply connected. 

Before we start we give a brief sketch of the proof, whose details are given in 
Lemma 5 through Lemma 12 below. Let 7 be a simple closed curve in X±. Through 
the cutting procedure for making holomorphic covers it is possible to construct a 
composition of covers of X\ such that any lifting of 7 is an open curve. First we 
construct a cover such that for any lift 7 of 7, the complement is connected (Lemma 
5). Then we construct an additional cover such that any lift is an open curve (Lemma 
10). Through an inductive procedure we run through all elements of the fundamental 
group of X\ to make sure that any element eventually lifts to an open curve; this 
implies that all leaves are simply connected. The main difficulty lies in the fact that 
for any cover we construct, we construct many new closed lifts of the curves we did 
not open yet. 

Proof. Choose a base point y 6 X\ and choose a basis {jj} 2 ^ for 7Ti(Xl) consisting 
of closed smooth loops jj : [0, 1] — >■ X%, 7/(0) = 7/(1) = y. The idea is to construct 
a sequence of coverings such any representative of an element in 7r 1 (X 1 ) eventually 
lifts to an open curve in Xj,. This is achieved through Lemma [T21 below, according 
to which there exists a tower {Xj}'^ 1 such that for any finite non-trivial composition 
7 = 7j s • • • , there exists a k e N such that any lift 7 of 7 to X k is a non closed 
curve, 7(0) 7^ 7(1)- 

Let X^ be a leaf and choose a base point x G X^ with ir(x) = y. Assume to get a 
contradiction that there exists a non-trivial curve 7 : [0, 1] — > X^, 7(0) = 7(1) = x. 
Now 771(7) is homotopic to a finite composition 71 = 7 Js ■ ■ ■ 7^, hence ^1(7) is 
homotopic to a curve that lifts to a non closed curve in some Xk- But then 7 is 
homotopic to a non closed curve, which is not possible. 



EXAMPLES OF MINIMAL LAMINATIONS AND ASSOCIATED CURRENTS 



15 



□ 

Lemma 5. Let X be a simple closed curve in a compact Riemann surface X such that 
the complement of X is disconnected, i.e., X\X has two connected components U\ 
and U 2 . Let 7 be a simple closed curve in X that intersects X transversally in exactly 
two points, and with the property that Uj \j is connected for j = 1,2. Let Y be the 2 
to 1 unbranched covering of X with respect to 7. Then X lifts to two disjoint curves 
X[ and X l 2 and each of them has connected complement in Y . 

Proof. Note that since Uj\^ is connected for j = 1, 2, it follows that X\^y is connected. 
Let Xi,X 2 be two copies of X as in the construction of the natural 2-sheeted cover of 
X with respect to 7. We consider a lifting of A. Note that when we follow the lifting 
and cross a copy of 7, we switch between X\ and X 2 . When we continue the lifting 
of the curve we will cross a copy of 7 for the second time before we have moved all 
around A. So this puts us back in the original copy of X. In fact we see that because 
of this the lifting of A consists of two disjoint copies of A. 

Since U\ \ 7 is connected, we can connect any two points in it~ l (Ui) with a curve 
in 7r _1 (C/i). The same goes for U 2 . Next pick two points in Y close to each other but 
locally on opposite sides of A^. We connect those by curves in 7r~ 1 (L r i U U 2 ) to points 
close to each other on opposite sides of X l 2 . Then we connect them by crossing over 
X l 2 . We can do the same to show that the complement of A2 is also connected. □ 

Lemma 6. Let X be a compact Riemann surface. Suppose that {Xj}^ =1 is a finite 
family of simple closed noncontractible curves. Assume that they are pairwise disjoint. 
Assume moreover that each of them disconnects the complement into two open sets, 
U},Uf. Furthermore assume that Uj contains none of the other curves. Then there 
exists a 2-1 unbranched covering Y — > X such that if X l j is a lifting of Xj to Y , then 
Y \ X l j is connected. 

Proof. We first do the proof for one curve, then we do it for any number k > 2. 

Let U\ and U 2 denote the two connected components of X \ Ai, and let x G Ai 
be a smooth point. We want to show that "there is a handle in each Uj" . Let 
fj : Uj — > Xj be conformal maps for j = 1,2, such that Xj \ fj(Uj) is a smoothly 
bounded simply connected domain in a compact Riemann surface Xj. Let 27 and x 2 
be the points fi(x) and f 2 (x) repectively. Since Ai is non-contractible we see that 
neither X± nor X 2 can be the Riemann sphere, and so there exist simple closed curves 
7j : [0, 1] — > f{Uj) U {xj} , 7j(0) = 7j(l) = Xj, such that 7,- does not separate f{Uj) 
for j = 1,2. We may then separate the pullback union / 1 _1 (7i) U /f l {^ 2 ) at the point 



16 JOHN ERIK FORNjESS, NESSIM SIBONY, ERLEND FORNiESS WOLD 

x to get a curve 7 1 such that 7 1 intersects Ai transversally and exactly at two points. 
Then by Lemma [5] the conclusion follows. 
Next we assume k > 2. 

Pick two distinct points dj, bj in Xj. The set X' — X\ UUj is a bordered connected 
Riemann surface. We connect bj to Oj+i, j < k. We can do this inductively with 
disjoint curves Oj without them intersecting each other, without self intersections 
and without destryoing connectedness of the complement of the curves. We also add 
a curve from to a\. Next we observe that if we replace any Uj by a disc we 
get a compact Riemann surface which is not a sphere. We connect aj to bj inside 
Uj without disconnecting Uj. Putting all the 2k curves together we get a simple 
closed curve 7 with connected complement which cuts each Aj in exactly two points. 
Moreover each f/j \ 7 is connected. Hence we can apply Lemma [51 □ 

Lemma 7. Let Y — > X be a 2-1 unbranched covering. Let X be a closed curve in X. 
Assume that X \ A is connected. Let Ax, A2 be the lifts of X (possibly Ai = X?). Then 
Y \ Xj is connected. 

Proof. Let A be a lifting of A and let a, b G Y \ X be two points closed to each other, 
locally on opposite sides of A. Let a = f(a), b = f{b). By assumption there is a curve 
7 G X \ X connecting a and b. Let 7 denote the lifting of 7 with initial point a. If 
the end point of 7 is b we are done. Otherwise there are two cases to consider. 

Assume first that A lifts to two disjoint closed curves. In that case consider the 
loop 7' which is obtained by extending 7 crossing over A back to the initial point 
a. The lifting of 7' will not intersect A, but the other pre-image. Thus lifting the 
composition 7 • 7' gives a curve connecting a and b that does not intersect A. 

The other possibility is that A lifts to an open curve, i.e., we have to traverse A 
twice to obtained a lifted closed curve. In that case let /i denote a loop based at the 
point b homotopic to A with \i fl A = 0. Then the lift of \i ■ 7 will connect a and b. □ 

Lemma 8. Let X be a compact Riemann surface. Suppose that {Xj}j =l is a finite 
family of simple closed pairwise disjoint noncontractible curves. We assume they each 
disconnect X. Then there exists a composition 

Y s -> F s _! -> > Y l -> X 

of 2-1 unbranched coverings such that if A* is a lifting of X to Y s , then either A^ is an 
open curve or Y s \ A* is connected. 
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Proof. We prove it by induction. Observe at first that if k < 2, we are automatically in 
the situation of Lemma El Assume the lemma holds for some k. Suppose that we have 
curves {Xj}j<k+i as in the statement. Note that if two of the curves are homotopic 
it suffices to do k of them so we are done. Hence we assume no two of them are 
homotopic. We see easily by induction on the number of curves that for at least one 
of them, say Afc+i all the other curves are in the same connected component, say U% +1 
of the complement. We replace Ul +1 by a disc A and get a compact Riemann surface 
X' still containing the curves Ai, . . . , A&. By assumption none of them are homotopic 
to Xk+i hence none of them are contractible in X' . Hence we can use the inductive 
hypothesis and find a Riemann surface Y s so that all liftings of Ai, . . . , A& satisfy the 
conditions of the Lemma. Next we replace Y s by Y£ by replacing each copy of A by a 
copy of U\ +l . Then we are in the situation of Lemma |8] where the curves are all the 
liftings to Yg of Xk+i- □ 

Lemma 9. Let X be a compact Riemann surface. Suppose that {Xj}j =1 is a finite 
family of simple closed noncontractible curves. Then there exists a composition 

Y S ^Y S ^^ ► Y 1 ->• X 

of 2-1 unbranched coverings such that if A* is a lifting of X to Y S; then either Xj is an 
open curve or Y s \ A* is connected. 

Proof. We will prove this by induction on the number k, and so we start by proving 
it for k = 1. But this case is covered by Lemma 5. 

Assume now that the lemma holds for k curves, k > 1, and that we are given k + 1 
curves. We start by choosing a sequence of liftings 

Y s -> r s _! -)■ ► Y 1 X 

such that the conclusion holds for Ai, A/-. Consider the liftings of A/-+i to Y s . We 
ignore the liftings that are either open curves or has connected complements, and so 
we are left with liftings Af, X s m . These curves are pairwise disjoint. Hence Lemma 
[8] applies and we are done. □ 

Lemma 10. Let Y s — » Y s -\ —>■•••—>■ Y\ — >■ X be a sequence of 2 to 1 unbranched 
coverings of a compact Riemann surface X , and let X be a simple non- contractible 
curve in X that does not separate X . Then there exists a 2 to 1 covering Y s+ \ — > Y s 
such that all liftings of X to Y s+ i are open curves. 
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Proof. Let y G X be a point on A, so that we may parametrize A by a map A : [0, 1] — > 
X such that A(0) = A(l) = y. 

Let 7 : [0, 1] — > X be a simple closed curve, 7(0) = 7(1) = y, such that 7 intersects 
A transversally and only at one point. Such a curve exists by the assumption made 
on A. The complement of 7 is then connected. 

Now consider liftings of (multiples of) 7 to Y s . Fix a base point y[ G Y s such that 
ft(y{) — ft '■= n i ' ' " fts-x- There is a smallest integer rii such that the lifting 
of ni7 with base point y[ is a closed curve, but all liftings of 1717, m < m, with base 
point y\ are open curves (or ni = 1). Let j[ denote the lifting of 7117 with base point 

y[- 

The closed curve j[ passes through n\ different pre- images of the point y. If there 
are some pre-images left, choose a y\ with 7r(?/ 2 ) = y such that y\ does not lie in r y[. 
Repeating the argument above, one finds a simple closed curve 72 which is the lifting 
of n 2 7 with base point y l 2 . Then 7 2 does not intersect 7'. 

Repeating this finitely many times we end up with a set of pairwise disjoint closed 
curves {7j}*? =1 , where 7]- is a lifting of rijj, such that any point in 7r _1 (y) lies in a 
curve 7]-. 

Now let y[, ...,y l m be all the pre-images of y such that the lifts A'- of A determined 
by the base point y l - is a closed curve. We have to choose the cover F s+1 — > Y s such 
that all liftings of these curves are open. 

For each j/j choose the closed curve 7] that contains this point. We let T denote 
the collection of all these closed curves. Then for each curve A*- there is precisely one 
curve in T that intersects it, and the intersection is transversal and at exactly one 
point. For each curve in T there is at least on curve A^ that intersects it. This means 
that Y s \ T is connected, since each side of each curve in T is in the same connected 
component of Y s \ T - some A^- is a path from one side of the curve to the other. 

So let Y s+ i be the unbranched 2 to 1 cover with respect to V and we are done. □ 

Lemma 11. Let X be a compact Riemann surface and let {Xj}j =1 denote a finite 
family of simple closed curves which are not contractible. We can then find a sequence 

Y s n_! -)• > Y 1 -> X 

of 2-1 unbranched coverings such that if 7* is a lifting of '7^ to Y s , then 7* is an open 
curve. 

Proof. By Lemma|9]we can assume that all the Aj have connected complement. Again 
we will prove it by induction on k. If k — 1 we choose a simple closed curve 7 that 
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intersects A transversally at exactly one point. Then the 2 to 1 unbranched covering 
of X with respect to 7 will do. Assume that the lemma holds for some k > 1 and 
that we are given k + 1 curves. Then there is a sequence 

Y s y s _! ->• ► Fx ->• X 

such that all liftings of the curves Ai, A& are non closed curves. By Lemma [TOl there 
exists a F s+ i such all liftings of \ k+ \ to Y, + i are open curves. □ 

Lemma 12. Let X% be a compact Riemann surface of genus gx 1 > 1, let y G X\ be 
a point, and let V = {jj^Li b e smooth loops jj : [0, 1] — > X , 7^(0) = 7/(1) = y, such 
that r is a basis for the homotopy of X . There exists a tower {(Xj, TTj)}° ( ^ 1 of 2 to 1 
unbranched coverings such that for any non-trivial finite composition 7 = 7j 3 • • • 7j i; 
there exists a k e N such that any lifting of 7 to X k is an open curve. 

Proof. We will prove this by induction on the length of the compositions. First we 
apply Lemma [LTJ to get a sequence 

such that any lift of any of the basis elements jj is an open curve. 
Now assume that we have a sequence 

Xks —>■•••—>■ X kl —>•••—)■ X\ 

such that any lifting of a curve 7 = 7^ • • ■ r )j l with I < s to Xfc s is an open curve. 
Then any lift of a curve 70 = 7^ ■ • ■ Jj a+1 is either an open curve or a simple smooth 
closed curve (since the composition of the s first components give an open curve). Let 
Ai,...,A m denote the finite number of such closed lifts to X ks . By Lemma [TT] there 
exists a sequence 

Xk s+1 X ks 

such that all liftings of these curves to X s+1 are open curves. □ 

Remark 3. The construction is flexible enough so that X'^ can be made pluripolar or 
can be made of tranverse dimension zero. 

It is not hard to modify the above construction so that the topologies of the leaves 
vary. 

Proposition 9. There exists a projective limit X^ such that all leaves except one 
are simply connected. 
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The idea is to repeat the above construction, but to make sure that there exists 
one sequence {yj} of preimages of a point y\ G Y and a closed curve 71 based at y\ 
that never lifts to an open curve. We make sure that we open all curves that will not 
represent curves in the leaf containing the point {yj}. 

Proof. Let X\ be a compact Riemann surface of genus greater than or equal to 2 and 
let VL\ C X\ be a smoothly bounded domain which is homeomorphic to a torus with 
a disk removed. The boundary dQ\ separates X\. Fix a point X\ G X\ \ Qi as a base 
point for the fundamental group of X\, and fix a set of generators Y = {71, ...,7 2gjfi } 
of n 1 (X 1 ,x 1 ). 

We will construct a sequence of unbranched coverings by induction, so assume that 
we have constructed a sequence 

X k — y ■ ■ ■ — y Xi 

for k > 1, and that we in each Xj have fixed a pre- image Qj of Qi which is mapped 
homeomorphically onto Qi by the projection onto X\. The boundaries dflj separate 
the X/s. 

The cover X k +i — > X k is constructed as follows. First let denote the set of lifts 
to Xj, of curves in V to simple closed curves. There are only a finite number of such 
curves. Let be the set of curves in T k that are homotopic to curves in X k \ flk- 
Replace the representatives in T k by representative that are contained in X k \ flk- 
Next replace Q k by a disk D to obtain a compact Riemann surface X k . Now let T' k 
be the set of all curves in Tj, that are still non-trivial in X k . By Lemma ITT1 there is 
a cover X k+ i — > X k such that all curves in T' k lift to open curves. Finally replace all 
lifts of D in X k +i by a copy of Q k to obtain the compact surface X k +\ and choose 
one of the copies of Q k and label it f^+i- 

Now let Xj + i — > Xj be the sequence of covers constructed according to the above 
procedure and let X^ be the projective limit. Let y\ G Qi be a point and let {yj} be 
the point where yj is the pre-image of yi contained in Qj. The leaf L containing {yj} 
is clearly not simply connected. We claim that all other leaves are simply connected. 
To see this let {xj} be a point in some leaf L'. If this leaf is not simply connected 
there is a an element 7 G 7r 1 (X 1 , x\) that lifts to a simple closed curve jj based at Xj 
for all j big enough. Assume to get a contradiction that L' ^ L. Then the distance 
dj(xj,yj) tends to infinity and so the distance between Xj and Qj tends to infinity. 
Since each lift jj has the same length we have that jj fl Qj = for all j big enough. 
Consider Xj for a big enough j. If 7,- was non-trivial in Xj (obtained by replacing Qj 
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by a disk D) then the lift to Xj + i would be an open curve. Hence jj is contractible 
in Xj and jj is free homotopic to dVlj. So 7^+1 is free homotopic to one of the pre- 
images of dQj. It has to be free homotopic to dQj + i, otherwise 7^+2 would be an 
open curve. But then the distance between Xj + i and yj+i is the same as the distance 
between Xj and yj. Since the argument can be repeated for all j big enough this is a 
contradiction. □ 

Remark 4. The method used above for controlling topology of leaves is quite flexible, 
and it is possible to construct many more examples. We will indicate a small modifi- 
cation of the above result and then leave it to the interested reader to construct more 
examples. 

We will pay more attention to the leaf which is not simply connected to control its 
topology. In the above construction choose the base point x± on dQ± instead of in 
Xi \ fli. At the inductive step above consider also all lifts of curves 7 to open curves 
7 that are not homotopic to curves in Qj. Such a curve has to wind around a handle 
which is not in Qj. So when we replace Qj with a disk we may replace 7 with a non- 
trivial curve in X which is homotopic to 7 mod Qj. Make sure that each such curve 
lifts to an open curve. This way any curve 7 G 7Ti(Xl, #1) that survives in the limit 
will be homotopic to a curve in Qi and so the leaf has the same fundamental group 
as fli. The result is a projective limit with all leaves except one simply connected and 
the remaining one homeomorphic to a once punctured torus. 

We now consider the higher dimensional case. 

Proposition 10. Let X be a compact complex manifold of dimension £. Assume 
S C X is a real orientable hypersurface such that X \ S is connected. There is 
a double cover Y of X , f : Y — >■ X and an orientable hypersurface £ C Y with 
connected complement. 

Proof. To construct Y we use the same construction as for Riemann surfaces cutting 
along S. Let S be one of the components of f~ 1 (S). The proof that F\E is connected 
is the same as for Riemann surfaces. □ 

Theorem 5. There are (X^, f n ) projective limits of compact complex manifolds of 
dimension £ > 1 such that f n : X n+ i — > X n is a double cover and Xoo has the structure 
of a lamination of dimension £. Every dd-closed current on X^ is closed. There is a 
unique directed positive closed current of mass 1 on X^. If Xi is projective then X^ 
is embeddable in P 2 ' +1 . 



22 JOHN ERIK FORN^SS, NESSIM SIBONY, ERLEND FORNiESS WOLD 

Proof. We start with X±, a compact complex manifold containing an orientable hy- 
persurface with connected complement. This permits to construct the abstract lam- 
ination. To prove embeddability we apply Theorem 2. □ 

3. FURSTENBERG FOLIATIONS 

In the previous sections we have constructed laminations that have few closed cur- 
rents; in this section we will construct a minimal lamination with uncountably many 
closed laminated extremal currents. The construction uses an example of Fursten- 
berg (see [12] page 585) originally constructed as a counterexample to the existence 
of ergodic averages for smooth selfmaps of certain product spaces. 

We start by recalling how to construct a lamination by suspension. Let S be a 
compact complex manifold of dimension k and let S A S be its universal cover. 
Then S = S/T where V is the group of deck transformations. Let M be a smooth 
manifold and let F : T — > Diff(M) be a representation. We get a group T acting 
freely and properly discontinuously on the product S x M by defining 

F(s,x) := ( 7 (S),F( 7 )(x)). 

Hence we may consider the (smooth) manifold Y := (S x M)/T. If U C S is an open 
set such that tt : U — > S — > Y is injective then tx : U x M is injective. Hence Y can 
be given the structure of a k-dimensional lamination with global transversal M and 
Y is naturally a CR-fibration over S with fibers M. If M is a complex manifold and 
the image of V is holomorphic then Y is naturally a complex manifold. When the 
group F(T) is amenable, there is a measure on M invariant by F(T) and hence there 
is a closed current directed by the lamination. 

Example 1. Let T = {m 7 i +n 72 } m>ne z C S := C be a lattice, i.e., the quotient S is 
a torus. Let M = S 1 and let (p : M — > M be the map z i— > az with \a\ — 1 not a root 
of unity. Let F( 7 i) := F( 72 ) := (p. We get an S^-fibration over the torus all of whose 
leaves are isomorphic to the punctured complex plane and they are all dense. Since 
Lebesgue measure \x on S l is invariant under (p we get a closed laminated current T 
on Y by letting \i be the transversal measure. On the other hand any closed current 
on Y gives rise to an invariant measure on S l , and since \x is the unique measure on 
S* 1 invariant under <p the current T is unique. 

The goal in what follows is to use T 2 := {\Ci\ — IC2I = 1} C C 2 as fibers instead 
of S 1 . Furstenberg has constructed a smooth minimal automorphism p> : T 2 — > T 2 
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without unique invariant measures and so we will get several closed currents. We will 
make the construction explicit and show that tp extends to a holomorphic map on 
C* x P 1 . For the benefit of the reader we will show below that all orbits of tp are dense 
in the torus, i.e., it gives us a minimal lamination. The density of the orbits is not 
explicitly written in Furstenberg's article but seems widely known. Our lamination 
will be a compact CR-manifold in a holomorphic (C* x P 1 )-fibration over a compact 
Riemann surface S. 



Furstenberg constructed a family {T a } of automorphisms on the real torus of the 
simple form 

T Q (Ci,C 2 ) := (e 2 ™Ci,^(Ci)C 2 ) 

where a is irrational and g is a C°°-smooth function on the unit circle. This map is 
area preserving so the Haar measure \i is invariant. Moreover the function g a ((i) is 
of the form 

R(e 2ma Ci) 

9aiCl) ~ if(G) 

where R is a measurable function of modulus 1. Let /(Ci, C2) := -R(Ci)/C2- Then / is 
invariant: 



(/oT Q )(d,C 2 ) = /(e 2 ^Ci,^(Ci)C 2 ) 
R{e 2 ™ a Ci) 

fl(Ci) 

C2 

= /(Ci, C2) 



Any such / has essential range 

E f := {s G S 1 ; /i(/ _1 ({|s - s \ < 5})) > for all 5 > 0} 

equal to all of S 1 . Let s = e 2m9 ° and let I{s ,5) = {e 2me ; \0 - 6 Q \ < f}. If R{Ci) = 
e 2m0i j g defined a t a given point Ci the set of (2 = e 2md2 for which f(d, ( 2 ) G I(sq, 5) 
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is given by {e~ 2md R((i); \9\ — 9 — 9\ < |}. Letting x — Xs ,s be the characteristic 
function for K = K(sq, 5) := / _1 (/(so, 8)) we get that 



Xd/i = / ( / xd/x 2 )d/ii = / <5d/ii = 5. 

K Js 1 JS 1 JS 1 

Hence any pair (s ,5) gives rise to an invariant probability measure /j, S0: s '■= Xs °g - . 
Let /i S() be a weak limit of measures /-i So ,8j as $j and we get an invariant probability 
measure supported on the the level set {/ = sq}. It follows that there are uncountably 
many probability measures invariant under T a . Observe that on /~ 1 (so) ) T™ (d, (2) — 
(e 2mna (i, s R(e 2mna (i)) so the map is essentially an irrational rotation. Actually we 
have that 

Corollary 2. The extremal probability measures invariant under T a are parametrized 
by S 1 ; they are the pull backs of the Lebesgue measure on = 1} by 7Ti to the graphs 
given by the level sets of f. 

Proof. By the limit process above there exists (at least) one invariant measure sup- 
ported on each level set. On the other hand if v is such an extremal measure then 
(7Ti)*f is the Lebesgue measure on = 1}- Extremality then implies that v has 
Borel support on a level set of /. It is easy to show that {/ = s } which is a graph, 
supports a unique invariant measure. 

□ 

Having shown that any such map T a gives rise to many invariant measures, hence 
also many closed directed currents, we proceed to construct maps with dense orbits. 
Note that 



7T(Ci,C 2 ) = (e 2 ™ a Ci,nj- 1 ^(e 2 ^Ci)C 2 ) = (e 27r *"%, v w 
In particular R cannot be a continuous function if we want the orbits to be dense. 



Following Furstenberg we will construct the function g as follows: 

h(9) := ^^-(e 2 ™ fea -l)e 2 ™ fc9 and 



g(e 2nie ) := e 27Tih{9) 

where the integers n& increase rapidly enough for the function g (and h) to be holo- 
morphic on C*. We inductively define integers Vk by 
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Vl := 1 
v k+1 := k-2 Vk +v k + l 



Let 



a := — and 

k=l 

n k := T k ,k>Q 
n_ fc = -n k ,k>0. 



It is easy to show that a is irrational. 

Remark 5. Furstenberg defines v k+ i = 2 Vk + v k + 1. With this definition the map /i 
is only holomorphic on the annulus {| < |£| < 2}; the k is added to get convergence 
on all of C*. This is not needed for all orbits to be dense. 



Now 

OO j 

n k a - [n k a] = 2 Vk ^ — 



2n 
e=k+i 



< 2 • 2 Vk 

< 2 



2 v k+i 
2 Vk 



2 k-2-k . 2 v k . 2 1 
1 

1 



Lemma 13. The map h and g are holomorphic on C* . 

Proof. Define the function h + (() := J2l(e 2nirika - l)C k . Then | e 2 ™ fcQ - 1| • |C| ? 

k>0 

^ e 2wi(n k a-[n k a]) _ i| . < 27r(^) n,i; and so by Abel's lemma h+ is holomorphic on C. 
Similarly the function h-(() := ^I( e 27rmfca — l)C nfc is holomorphic on C* We have 

k<0 

that g(C) = e 2 ™(MC)+MO) f or a n |£| = i. □ 
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To see that g is on the desired form define H e L 2 ([0, 1]) by 

H{6) = W\ e2mnk9 - 

Then h{6) = H(6 + a) - H(6), and so defining R by 

R(e 2md ) = e 2mH ^ 

gives us v fi(c) = #(C) 

Proposition 11. All orbits of the map T a restricted to the torus are dense. 
Remark 6. Furstenberg defines the function H by H(0) := i e 2™ fc Ae f or some 

unknown A in order to conclude that the function R is merely measurable, not con- 
tinuous. As remarked before this is already implied by the density of orbits. 

Proof. We will prove this through a sequence of lemmas, and we start by calculating 
the iterates T™. 

Lemma 14. First 

n-1 



" 1 

h{B + j a) = — e 2ninke [e 2ninkna - 1] 

j=0 fc^O ' ' 

and so for (i = e 2md we have that 

^(Ci,C 2 ) = (e 2 ™ Q Ci,e 2 ^o^^le^ -i] Ca) 

Proof. 

n— 1 n—1 



j=0 j=0 k^O 



-, n—l 



\k\ 

k^O 1 1 j=0 
^ ^ _}_ e 2irin k e]^l-Kin k na _ j^j 



□ 
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Setms;= ^±i. 

Then m s ■ a - [m s ■ a] = • YljL s +i < < ^r- Tnen for any point (0, ( 2 ) 
we have for (£'', Cl'') := ° ° • • • ° ^(G, C2) that 

(*) |Ci-Ci'' , |<27rE^2^. 

Hence under these iterates the first coordinate does not change much. Our goal 
now is to show that (under some assumption on £1 and the size of s) for the same 
iterates the second coordinate rotates around the circle with very small intervals, i.e., 
we can get very near to any point. 

Let 9 = — for some rGl. 

Lemma 15. There are fixed constants < a < b, c > and N G N such that if 
\r\ < c mod Z and s > N then 

— < > — -e (e 2 4 ™ s — 1) < — . 
s ~ ^ \k\ ~ s 

Hence, for Ci = e 2 ™ e 7 

\ / s s 

Proof. Write T™ 3 (0, C2) = (^4 S! -B s ). By the previous lemma we have that 



B s = C 2 exp 



2m J2 7^e 2 ™ fc " (e 2nmk ^ a - l) 



To estimate the size of u as defined above we consider different parts of the sum inside 
the bracket separately. For s > \k\ we will use that 
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and for s < \k\ we will use that 



1 2irm fc -E- ( 2win k ^ 1 ' 

— e »a e 9 



I A' 



(e 2 ""^ Q - l) 



< 



1 1 s t=k+l 



< 



k\~" 2 4 n s n k+1 t ^_ i n t 

n s +\ ■ n k 
n s ■ n k+1 



Write 



1 



E- 1 - 2wi 

fc^0,|fc|^|s| 1 1 



AT, 2nin k ^+±a 



(e 



1) 



Then |er s | < s-2 1 s , and so there exists aniV £ N such that if s > N then \a s \ < ^-(1- 
cos(|)) whenever 5 is small enough: We have that X)fc=i — ( s — < ( s — l)2~ s , 



and furthermore that £~ =s+1 - F EfcU+i 2^ 



1 < i 

2 s 



To conclude the proof of the lemma we need an estimate for \k\ 



\s : 



+ 



2-Kins— ( -,\ 

e "« I e 2 "> — 1 J 



e 24 



« _ i) 



- _ 1) ( e 2-^ _ ^ + ( e 2^(-r) _ 1)(e 2«^ia _ ^ 



\ • " ' — J ) I ( ■ " - 

2[cos(2vr^±ia)-l] + E 



2tt 





1 - 








S - 



t=s+2 

(e 2mr - l)((e 27Ti ^ a ) - 1) + (e 



2-nir -\ \ ( ( „2m^^-a\ -,\ , ( „2ni(-r) -,\/„2m- 



l)(e 



"s+l „ 

1) 



< -[2|e 2 ™ r - 1| +2|e- 
s 



-2ixir 



If |r| is small enough mod Z we see that \E\ < ^(1 — cos(|)) and by possibly 
having to increase iV we may put a (1 — cos(|)) and 6 « 3(1 — cos(|)) □ 
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Lemma 16. There exists a constant C such that the following holds. Let r G K be 
some number, write O = k G Z and £i = e 27 ™ . Let ^ G 5* 1 fre arbitrary. Define 
C( inductively by (Cud) T m ^(C{-\ C^ -1 ). Whte Ci' = e 2 ™^ and 9^ = 
T/ien 

r u; _ r £ _|_ y 

mod Z n s 

where Vj < C2~ s . In particular, if s is big enough and r = 0, then < c for all j 
(c is the constant from the previous lemma). 

Proof. We claim first that 

j oo 

n s ^ l 2 4 n s+l ^ n t V 

s 1=1 s+l 1 t=s+l 1 

We show this by induction, so assume that it holds for some j. Then 

OO (j\ oo 

e , - e i Us+j+1 V n 1 - i Us+3+1 V n 1 

^ n ^+J t=s+j+1 U s+J 1 n s+3 t=s+j+l 



and so 



r 0-+i) = 7+1 -n s 



s l=1 s+i i t=s+l t s+j t=s+ i +i i 

Now write = r^ 2 - + z/^ according to (*). Then modZ we have that 

n 2 

»3<3- Vz ^ <j'2-'-2~'. 



□ 



To finish the proof of Proposition 11, let p G T 2 and let O denote the closure of 
the orbit of p. We want to show that an arbitrary point (' = (([, (' 2 ) = (e 27 ™ ' 1 , e 2me ' 2 ) 
lines in O, i.e. for any e > we need to find a point in O closer to (' than e. 

Let s > N be big enough such that | < ^ and such that Yl'jL.s < j^- Note that 
by the irrationality of a, the closure of the orbit of p must contain a point ((j, £2) for 
any = 1. Let (d, ( 2 ) denote any point in O with £i = e 2md , = n/n s with jiGZ 
such that |Ci - Cx I < e/4. 

Next we define 

(Ci,C 2 ) = (e 2 ^ 1 ,e 2 ^ 2 ) = T^(Ci,C 2 ) 
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and let 

(C 1 £ ,C2) = ^ m ^ --- ^ ms+1 (Ci,C 2 ). 

Then 

ICf — Cil < ICf-Cil + ICi-C(l 

oo 
j=s 

Moreover, if g = e 2ni9e , then 9 e = 9 2 + Y! 3 =\ u j with ~7TJ=i < u i < ~7TFT lt 
follows that for some £, \Q — C2I < f • 

□ 

Remark on the Furstenberg map: For a given sequence {n^} we can construct a 
family T a of Furstenberg maps when a is in a dense G$ set on the circle and all maps 
commute. In particular they have the same invariant function /. If a homeomorphism 
commutes with some T a , then it is one of these. 

Theorem 6. There is a minimal lamination F by Riemann surfaces which admit 
uncountably many extremal closed currents which are mutually singular. Moreover 
every positive dd-closed current is closed. The lamination can be extended holomor- 
phically to a holomorphic bundle with C* x P 1 fiber and a given compact Riemann 
surface of genus g > 2 as a base. The minimal set is a compact CR manifold. 

Proof. Take a Riemann surface S with genus g > 2. Let (7$) be a basis for tt\{S). We 
can assume that 71 does not disconnect S. Choose F\ as a Furstenberg map and Fi = 
Id for % > 2. This gives a representation of ffi(S). Then we get a minimal lamination 
with fiber T 2 where the bundle is defined using only one transition function, the 
Furstenberg map extended biholomorphically to C* x F 1 , i.e., one transition function 
on an open set surrounding 71. The fact that a positive directed <9<9-closed current is 
closed will be proved in Corollary 3 in the next paragraph. □ 

Remark 7. In [16] Lozano-Rojo has showed that a lamination constructed by Ghys- 
Kenyon [14J admits two mutually singular transverse invariant measures. 
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Remark 8. To make a Riemann surface lamination over a torus by suspension, define 
a biholomorphism of P 1 x [C* x P 1 ] given by (z, d, £ 2 ) — >■ (2z, T a (d, ( 2 )) (we actually 
restrict the map to a biholomorphism of C* x [C* x P 1 ]). 

Remark 9. When g = I, every <9<9-closed current is closed. Indeed S is C and it has 
no nonconstant positive harmonic function. 

We now construct laminations with infinitely many mutually singular, non closed, 
<9<9-closed currents. 

We consider the lamiation J 7 constructed in Theorem 6 with a torus as base. It 
sits in a complex manifold and is a CR-manifold in a (C* x P 1 ) fibration over a 
torus. It is a suspension defined using the biholomorphism of C* x [C* x P 1 ] given 
by (2,(1^2) — ^ (2z, T a ((x, £ 2 )). and as we have seen possesses a family {T c } of 
mutually singular closed positive currents of mass 1. Now we construct a second 
foliation J 7 ', using the Furstenberg diffeomorphism and which has no closed positive 
directed currents. 

Indeed we modify the above suspension, over a surface of genus g > 2, using as a 
map _F 7l , the Furstenberg map and as a map F 12 a diffeomorphism of the torus T 2 , 
with an attractive fixed point. This destroys the directed positive closed currents, 
but there is a <9<9-closed positive directed current, T' of mass 1. A priori we do not 
know if it is unique. Observe however that the leaves of J 7 ' are minimal and that J 7 ' 
is a lamination in a complex manifold Y' . 

Theorem 7. The lamination J 7 ® J 1 ' inYxY' has infinitely many non-closed mutually 
singular dd -closed positive (2, 2) -currents. 

Proof. The leaves of J 1 ® J 7 ' are two dimensional complex surfaces and they are dense. 
With the notations introduced above every current T c <g> T' is directed by J 7 ® J 7 ' and 
is <9<9-closed. Clearly they are mutually singular. □ 

4. <9<9-CLOSED DIRECTED CURRENTS 

We will give an abstract criterion for the existence of a <9<9-closed current in the 
style of Sullivan [T7]. See also HTJl H31 LSI- 
Theorem 8. Let (X, C) be a compact, non-singular laminated set. Assume that the 
leaves are holomorphic of complex dimension t > 1. Either there is a nonzero positive 
dd-closed current directed by C or there is a dd-exact i volume form on leaves. 
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Proof. Let C be the convex compact of positive currents of mass one directed by the 
lamination. Let F = {iddip;ip G A l ^ l {C)}, i.e., ip is continuous and smooth along 
leaves. If C intersects F 1 - we have a non-zero <9<9-closed current. 

Otherwise there exists by Hahn-Banach an element (p of ± {F ± ) = F such that ip 
is strictly positive on C. This means that <p is strictly positive along leaves. For a 
sequence iddipj converging to <p we get by compactness that iddipj is a volume form 
for j big enough. □ 

Note that it follows that a compact, non-singular Riemann surface lamination al- 
ways carry a positive <9<9-closed (l,l)-current - a result due to L. Garnett [13]. Due 
to the maximum principle such a lamination cannot carry a <9<9-exact volume form. 

We will now give an example to show that in general, in contrast to the one dimen- 
sional lamination in a Kahler manifold does not have to carry any positive 
<9<9-closed current. 

Proposition 12. Let (P 2 ,£) be a lamination without algebraic leaves and with only 
hyperbolic singularities. Then the product (P 2 , C) x (P 2 , C) does not carry any positive 
dd-closed current. 

Proof. It is shown in [10] that (P 2 , C) admits a unique positive closed current T of 
mass one and moreover that this current is not closed. 

Let T\ x jF 2 denote the product (P 2 , C) x (P 2 , C) and assume to get a contradtiction 
that T is a directed positive <9<9-closed current for this foliation. 

In a flow box Ei x B 2 the current T has the expression 



where a is a measure on the transversal and [V ai x V a2 } are the currents of integration 
on the corresponding plaques. We prefer here to deal with the collection of measures 
[i := h ai,a2 (volume measure on V ai x V a2 )da(a). We denote by z\ the variable on 
the first factor P 2 and by z 2 the variable on the second factor. For each fixed z\ we 
get a collection of measures fJ-zifa) by disintegration of \i on the corresponding flow 
box. The family \i Zx define a harmonic current directed by Ti out of the singular 
points. Lemma 17 below with Theorem 1.3 in [7] shows that the current extends to a 
harmonic current through the discrete set sing(J"2)- By uniqueness for the normalized 
harmonic measure for JF 2 we get that this family of measures is independent of Z\. On 
the flow box disintegrate \i with respect to the first projection and let v := (7Ti)*/i. 



T 
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For a test function (p(zi, z 2 ) we have that 

(pdfi = J 6j/(zi) J ip(z 1 ,z 2 )dfi Zl (z 2 ) = J di/(zi) J ip(z 1 , z 2 )dfi 1 (z 2 ). 

So /j, — on the space generated by ip(z\)ip(z 2 ), hence fi = z/(g>/ii. Observe that v 

is also a harmonic measure, i.e., orthogonal to function A^tp. Here Ajj denotes the 
laplacian along leaves. Hence in a flow box we get that h ai,a2 (zi, z 2 ) = h ai (z\) ■ k ai (z 2 ) 
with h ai , k ai harmonic on leaves. A pluriharmonic function cannot be the product of 
two harmonic functions except if one of them is constant. This is a contradiction. □ 

Bonatti and Gomez-Mont provided similar uniqueness results in P 1 x P 1 . They 
showed that when a Ricatti equation does not have a transverse invariant measure 
then the harmonic measure is unique on the limit set. So we get a laminated set in 
(P 1 ) 4 without a positive directed <9<9-closed current of mass one. 

Lemma 17. Let X be a complex manifold and let q G X be a point. Then any positive 
dd-closed (l,l)-current T on X \ {q} has locally finite mass near q. 

Proof. We work in local coordinates so we assume that T is given on B fc \ {0} in C k . 
Let w be a strictly positive test form. We may write oj = iddip and after a change 
of coordinates we may assume that ip(z) = Ylj=i ^j\ z j\ 2 + °(IMI 2 )- For e > let 
(p e (z) := max{(/?(z), e} — e (or rather a smoothing of this function). Then idd(p t is 
positive for e small enough and iddip e — > uj uniformly on compact subsets of M k \ {0} 
as e — ?■ 0. Let a be a smooth function such that a = 1 near |B fe and with compact 
support in M k . Then T(idd(a ■ </? e )) = and so 

T(a ■ idd(if e )) < \T(i ■ da Adtp e )\ + \T(i ■ da A d<p e )\ + \<p e ■ idda\. 

The right side of this inequality is independent of e for small enough e. □ 

5. The functional T ->■ ir A r A T 

Let %{C) denote the compact convex set of positive <9(9-closed currents directed by 
C and of mass 1. 

Suppose T eH(C). Then dT = ^ A T, where d b defines the d operator along 
leaves. So dT = r A T with r well defined on (0, 1) forms along leaves. By Harnack's 
inequality %^ is locally bounded. Hence the form ir AT is uniformly bounded, so 
I(T) = fir AT AT is finite. 

Proposition 13. The functional I(T) is continuous on %{C) and is affine. The 
convex set T-L m {C) where I reaches its maximum is a face ofH(£). 
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Proof. The continuity is proved in [9], Theorem 10. Suppose that Ti,T 2 are extremal 
points in H(£), then 

IiaTt + (1 - a)T 2 ) = al^) + (1 - a)I{T 2 ), < a < 1. 

Indeed in a flow box the transverse measures are mutually singular. The forms 
7"i,T2 are defined on disjoint saturated sets, hence 

9(aTx + (1 - a)T 2 ) = aft A T x + (1 - a)r 2 A T 2 

= (ti + 75) A (aTx + (1 - a)T 2 ) 

It follows that 

I{aT 1 + (1 - a)T 2 ) = a/^) + (1 - a)/(T 2 ). 

We get a similar result for any convex combination of extremal elements. The fact 
that / is afline follows by continuity. Define 

U m {C):={T-I{T)= max/(T)}. 

H m (C) 

Clearly 7i m (C) is convex. If the segment ]T\, T 2 [ touches % m {C) then it is contained 
in H m {C). 

□ 

We want to apply the above result to prove that some suspension has no <9<9-closed 
and non closed directed positive current. We use the notation introduced in Section 
3. 

Let S be a compact Riemann surface with universal covering S. Consider the sus- 
pension X = S x M/f. Assume the group G = F(tti(S)) is commutative. Then this 
provides a commutative group G of elements in Aut(X), i.e., continuous automor- 
phisms holomorphic along leaves. If 7r denotes the canonical map: S x M — > X, define 
for 7 e 7Ti{S), H jo (tt(s,z)) := ir(s,h J0 (z)) with h J0 = F(j ). If tc(s u Zi) = ^{h,z 2 ) 
we have that s 2 = 7(si) and z 2 = h 7 (zi), and so H J0 (§2,z 2 ) = i? 70 (7(si), h 7 (zi)) = 
7r(s 2 , h l0 (h^(z\))) = 7r(s 2 , hy(h 7o (zi))) = tt(si, h l0 (zi)), since G is commutative Hence 
the map is well defined, and it is holomorphic on leaves. 
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Theorem 9. Suppose X = SxM/f is a suspension as above, i.e., with a commutative 
group of self maps G. If T is a positive directed dd-closed current, than T is closed. 

Proof. Consider % m (C), the convex compact set of <9<9-closed positive currents where 
the functional T — > I(T) reaches its maximum m. We want to prove that m = 
0, hence all the currents are closed. The change of variable formula implies that 
I(H*S) = I(S). Hence H m (C) is invariant under the maps H* The maps H* acts on 
the currents belonging to % m (;C) since H y is holomorphic along leaves. The maps H* 
act continuously on that convex compact set. By Kakutani's theorem [19] there is a 
fixed point S in % m {C) invariant under G, i.e., invariant under holonomy. It follows 
that S is closed and hence m — 0. 

□ 

Corollary 3. The suspension obtained using irrational rotation, resp. the Furstenberg 
foliation, does not admit dd-closed non closed positive directed currents. 
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